Abstract. This paper deals with the derivation of a macroscopic model for columnar dendritic solidification of binary mixtures using the volume averaging method with closure. The main originalities of the model are first related to the explicit description of evolving heterogeneities of the dendritic structures and their consequences on the derivation of averaged conservation equations, where additional terms involving porosity gradients are present, and on the determination of effective transport properties. These average properties are defined by the associated closure problems taking into account the geometry of the dendrites and the local intensity of the flow. The macroscopic solute transport is obtained by considering macroscale non-equilibrium giving rise to macroscopic dispersion and interfacial exchange phenomena. Mass exchange coefficients are accurately explicited as a function of the local geometry.
Introduction
Macroscopic modeling of dendritic solidification has been the subject of intense research activity in the last decades [1] [2] [3] and one of the most important challeng-#569/03. Received: 14/IV/03. Accepted: 24/III/04. ing improvement lies in an accurate micro-macroscopic description of transport phenomena within the dendritic mushy zone. In most averaged representations, this region is described as a porous medium and macroscopic conservation equations have been obtained using the mixture theory [4] [5] [6] or up-scaling procedures [1, [7] [8] [9] [10] [11] . Due to its ability to incorporate complex microscopic information in averaged equations and effective transport properties (permeability, conductivity, mass diffusion coefficients, ...), the method of volume averaging has been often chosen for the derivation of the macroscopic models [12] [13] [14] [15] [16] [17] [18] [19] [20] .
This technique considers a representative volume averaging within the porous region. The local conservation equations are integrated over this volume providing averaged macroscopic transport equations valid in the whole domain [21, 22] . Phase interaction terms at the solid-liquid interface arise from the averaging process leading to several interfacial area integrals.
Although a columnar dendritic mushy zone is characterized by continuous spatial evolution of its geometry, the method of volume averaging has been used without dealing with this difficulty. Furthermore, due to the complex shape of the interfaces, phase interaction integral terms which are generally related to effective properties are not explicitly calculated in these models and are represented by semi-empirical laws. However, some experimental and numerical investigations have been carried out in order to improve the momentum transport description. They propose a more realistic spatial description of the permeability tensor in columnar structures than the very schematic Kozeny-Carman relationship [12-15, 17, 19, 23, 24] but the conclusions show that more data and theoretical developments are still necessary.
Despite their strong influence during solid-liquid phase change, very little attention has been paid to an accurate description of effective conductivity and solute diffusion-dispersion coefficients in the energy and species conservation equations. In this latter case, characterized by very different molecular diffusion coefficients in the liquid and solid phases, the mass diffusion rate in the solid phase is generally assumed to be extremely fast (lever rule) or very slow (Scheil's behavior). The Scheil's model assumes no mass exchange at the solid/liquid interface and generally the effective mass diffusion coefficient only depends on the liquid volume fraction although tortuosity of the micro-structure and local dispersion phenomena can have a strong influence on the macroscopic B. GOYEAU ET AL. 383 solute transport [25] .
A significant improvement has been performed in this direction by Beckermann and co-authors [9, 10] who proposed a three-phase macroscopic solute diffusion model where interfacial species fluxes in phase k are proportional to the difference between the interfacial and volume-averaged concentration such
, h k being the mass exchange coefficient. This latter coefficient is found to be mainly dependent on the solute diffusion length [10] while it is actually strongly related to the location within the dendritic layer and therefore to tortuosity and local dispersion phenomena [26] . This brief review shows that the above-mentioned representation has still to be refined in order to more accurately include local geometry and phenomena (tortuosity, local dispersion, interfacial exchanges, ...) at the macroscopic level. The objective of this paper is to improve the micro-macroscopic description of the transport processes in columnar dendritic structures by using the volume averaging method with closure problems. According to Wang and Beckermann [10] and Quintard and Whitaker [27] for soil contamination problems, solute transport is based on a macroscale non-equilibrium description leading to a macroscopic representation of interfacial species exchange (active dispersion). All the interfacial area integrals arising from the averaging procedure are explicited and the associated closure problems are derived for the determination of effective transport properties. Influence of evolving heterogeneities is discussed at the different scale of the up-scaling process.
The procedure of volume averaging
The macroscopic conservation equations are derived using a volume averaging procedure [28] whose main theorems are recalled in Appendix A.
Local conservation equations
We consider a columnar dendritic mushy zone and the local averaging volume V represented in Figure 1 , where r 0 is the radius of V and β stands for the interdendritic characteristic length. The convective flow of the liquid mixture (β-phase) through this dendritic mushy layer is assumed to be laminar and incompressible while the transport of the solid phase (σ -phase) is not considered (v σ = 0). All physical properties of the mixture are assumed to be constant and the Boussinesq approximation to apply. The local problem describing the mass, momentum, solute and energy conservation in both phases of the averaging volume V is thus given by:
where v β is the liquid velocity, and C k and H k (k = β, σ ) are the mass fraction of a p-constituent and the mass enthalpy in the k-phase, respectively. The mass and heat fluxes are respectively defined by
The conservation of mass, momentum solute and energy at the solid-liquid interface A βσ are respectively given by: (10) where w βσ is the velocity of the interface A βσ and n βσ is the unit normal vector pointing from the β-phase to the σ -phase. Thermodynamical equilibrium is considered at A βσ and the local coupling between solid and liquid temperatures (T σ and T β ) and concentration is obtained through the functions g σ and g β that describe the solidus and liquidus lines of the equilibrium phase diagram:
Finally, if A ke refers to the area of entrances and exits of the k-phase in V (Figure 1) , the boundary conditions at A ke are:
where the functions F v , H k and I k (k = β, σ ) are unknown at this stage. The discussion concerning the nature of these functions will take place in section 3.
Geometrical considerations
The volume averaging method is an up-scaling method generally used for systems where the separation between the characteristic length scale is satisfied [21] . In columnar dendritic structures, averaged properties are actually continuously space-dependent and therefore scale separation depends on the spatial evolution of the geometry (decreasing rate of the geometry τ ) [23] . Three length scale constraints have been identified (Table 1) . For small evolving heterogeneities, the dendritic layer can be viewed as homogeneous and therefore averaged properties are constant whatever the size of the averaging volume. For large τ , scale separation is not satisfied, and more theoretical work is needed to explore alternative descriptions using for instance deforming averaging volume [29] or jump boundary condition [30] [31] [32] . Between these two limiting situations, i.e. for ''moderate'' evolving heterogeneities, Goyeau et al. [23] show that, although less clear-cut, scale separation remains satisfied since:
Under this condition, the averaging procedure can still be used but two difficulties arise. First, the averaged properties are not only point-dependent but also depend on the size of the averaging volume. Second, as shown later, porosity gradients explicitly appear both in the macroscopic conservation equations and in the associated closure problems giving rise to a very complex closure analysis (section 3).
Averaged equations
Keeping in mind condition (18), we now apply the classical averaging theorems to the system (1)- (14) after introducing Gray's decomposition [33] : 
Mass and momentum equations
Averaging the mass balance at the solid-liquid interface equation (8) gives rise to:
whereṁ k is the melting (k = β) or the solidification (k = σ ) rates defined by:
Beside the absence of solid transport, we consider that the local solid velocity v σ due to dilatation is very small compared to the interface velocity w βσ and will be B. GOYEAU ET AL.
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neglected in this analysis. Therefore, the averaged mass conservation equation for the mixture takes the final form:
while averaging Navier-Stokes equation (3) leads, after simplifications, to the non-closed averaged momentum equation:
Concentration equations
As previously said, one originality of the present model lies in the macroscale non-equilibrium description of the solute transport. In other words, the solute transport is described separately in the liquid and solid phases and no particular assumption is retained concerning the solute diffusion in the solid phase. Interfacial solute exchange due to the difference between interfacial-and volumeaveraged concentrations in both phases are explicitly included in the analysis. Averaging equations (4) and (5) leads to the non-closed macroscopic equations for solute transport in the solid and liquid phases:
Energy equations
Similarly, averaging equations (6) and (7) leads the non-closed energy conservation equations:
Since the Lewis number (ratio of the thermal to the mass diffusivity) is high for metallic alloys (Le ∼ 10 4 ), the liquid and solid phases are in thermal equilibrium [2] and only one averaged energy equation can be used since T β β T σ σ T [34, 35] . Therefore, adding equations (26) and (27) and taking into account the boundary condition (10), a single non-closed energy equation is obtained:
where H = (ε β ρ β H β β + ε σ ρ σ H σ σ )/ ρ represents the enthalpy of the mixture. Rigourously, equations (23)- (28) have been obtained after discarding numerous geometrical moments that have been shown to be very small in dendritic structures [23] . Let us only recall that the main consequence of this simplification is that the averaged quantities can be extracted from area integrals. In equations (23)- (25) and (28), the area integral terms involving the deviation quantities are actually related to effective transport properties of the dendritic mushy zone. In order to derive a closed form of these equations, the associated closure problems have to be written to express the deviation fields ψ k in terms of intrinsic averaged quantities k k .
Closure
The first step of the derivation of closure problems is performed by using the Gray's decomposition in the local conservation equations (1)- (7) and by subtracting the non-closed averaged equations (23)- (25) and (28) . This gives rise to a very complex set of deviation equations which can be simplified first by comparing the order of magnitude of the different terms on the basis of the length scale constraint (16) , and second, by allowing for the following physical considerations:
(i) The volume change parameter (shrinkage or expansion) is small and brings no contribution to the interdendritic flow [1, 8] .
(ii) The solidification process is slow enough to consider that the interface growth velocity is small compared to the average liquid velocity [36] .
(iii) The time scales separation is satisfied and the deviation problems can be treated as quasi-steady [27] .
(iv) Temperature and concentration at the interface can be decoupled at the closure-problem level [26] .
The derivation of closure problems for homogeneous structures does not raise any major difficulty but the presence of evolving heterogeneities makes this derivation more complex. It order to illustrate this, let us consider the boundary value problem for deviations P β and v β , which, after straightforward manipulations, takes the form:
We are here confronted to three difficulties. First, in equations (30) and (31), the terms involving intrinsic average velocity and porosity gradients can be identified as source terms since they generate the deviations fields. The spatial porosity dependence actually means that we are dealing with a non-local closure problem since pressure and velocity deviations not only depend on the local geometry of the averaging volume but also on macroscopic spatial variations of averaged properties. In that case, looking for a solution for P β and v β would impose a relation of the type:
where G is therefore related to the closure variables whose determination remains an extremely complicated task needing more theoretical developments. However, if we consider the length scale constraint (18), we can estimate that the two last terms in equation (30) are small compared to the area integral friction term, leading to a classical boundary value problem [37] . This is obviously an approximation since, due to evolving heterogeneities, (18) is not valid everywhere along the dendrites. The second difficulty concerns the nature of F v (r, t) at A βe . For homogeneous porous media, the boundary value problem is generally solved in a representative region (unit cell) with periodicity conditions for pressure and velocity. In dendritic structures, a flow rate conservation condition would be probably more realistic. Nevertheless, it is known that the boundary condition (32) influences the deviation fields only on a region of thickness l β at the boundary of the averaging volume [37] . Finally, unlike homogeneous porous media, averaged properties in dendritic structures not only depend on the location of the averaging volume but also depend on the size of this latter. Actually, this dependence is directly related to the decreasing rate of the structure geometry. For moderate evolving heterogeneities, it has been shown that a common range for r 0 exists where effective transport properties are rather constant [23, 24] . Taking into account the above assumptions, the simplified problems for momentum, concentration and temperature deviations are finally given by:
where C * k in condition (40) represents the average concentration in the k-phase at the interface. In the above system, let us recall that we require k k = 0, where k represents a generic deviation field. The form of the macroscopic source terms in equations (36), (39), (40) and (44) generating the deviations v β , P β , C k and T k (k = β, σ ), respectively, suggests that they can be written as [26, 27, 36, 37] : 
where M, m, α k , and e k are the closure variables solutions of the periodic problems which are obtained by introducing deviations (47)- (51) in the deviations problems (34)-(46). Since the closure problem (34)- (37) is non linear, it has been shown that the closure variable M can be separated into a linear and inertia contributions, the former being related to the permeability tensor while the second one is related to the Forchheimer coefficient [37] . For conciseness, the set of periodic boundary closure problems are not detailed here, all the details being available in the following references [26, [36] [37] [38] [39] [40] .
Closed form of the macroscopic model
According to assumptions (i)-(iv) and solutions (47)- (51), the final form of the macroscopic model for solidification of columnar dendritic mushy zone can be written:
second Brinkman correction term
where the velocity is written in term of superficial velocity (filtration). The solidification rate present in equations (52), (54) and (55) is obtained by averaging the boundary condition (9) to give:
In equations (53)-(56), K, F, D β , eff and h mk (k = β, σ ) represent the effective transport properties of the dendritic structure which are obtained after numerical determination of closure variable fields. In the momentum equation (53), K is the permeability tensor that depends on the tortuosity of the porous structure while F represents the Forchheimer correction tensor which accounts for the local inertia effects. Since the closure variables M and m in (47) and (48), respectively, have been decomposed in order to separate linear friction and inertia effect such as M = R + S and m = r + s [37] , K and F can be explicitly written under the form:
At this stage, the numerical solution of the closure problem for variables S and s associated with the Forchheimer coefficient still remains a challenge. D β in equation (55) represents the effective diffusion dispersion tensor given by:
while the effective conductivity in equation (56) is:
Finally, in equations (54) and (55) the interfacial mass exchange due to macroscale non-equilibrium is represented by two terms involving mass exchange coefficients h mk (k = β, σ ) whose dependence to the local geometry is given by:
Discussion and conclusion
The comparison of the above macroscopic columnar dendritic solidification model with the existing ones [2, 3] leads to emphasize the following main characteristics. First, as shown in expressions (58)-(62) all the effective transport properties, instead of being given by empirical constitutional relations, are derived from closure problems which take into account the micro-geometry of the structure (tortuosity) but also, local inertia and dispersion phenomena. The second characteristic is related to macroscale non equilibrium for the solute transport where macroscopic interfacial mass exchange explicitly arise from the up-scaling procedure. These macroscopic terms are similar to those introduced by Ni and Beckermann [9] , but in the present model, coefficients h mk are accurately obtained by solving the associated closure problem [26] . In the latter reference, Bousquet-Melou et al. show that these coefficients are strongly dependent on the structure, the location and the flow intensity in the mushy zone. Furthermore, due to evolving heterogeneities, most averaged conservation equations include additional terms involving explicit porosity gradients such as, for instance, the second Brinkman correction term in the momentum equation (53). Although they can be considered as second order terms, all of them have to be quantified in the context of solidification before any conclusion concerning their contribution on macroscopic transport phenomena may be drawn. Finally, it can be seen in equations (55) and (57) that other additional terms involving u β and d β are included. Actually, these coefficients given by:
can be viewed as velocity-like vectors that contribute to macroscopic convective solute transport [27, 41, 42] . According to results obtained in the context of soil contamination, these terms are not necessarily negligible since they have been found to represent about 10% of the global convective transport [27] .
In conclusion, the derivation of this solidification model using the method of volume averaging with closure has allowed us to provide a more complete macroscopic description of transport phenomena, improving the micro-macro interactions both in the definition of average transport properties and conservation equations. Numerical calculations are presently under development in order to quantify the relevance of such a model.
Appendix A -Volume-averaging definitions
If we consider a physical quantity β associated to the β-phase, the superficial volume average of β in the averaging volume V (Figure 1 ) is given by:
where V β is the volume of the β-phase contained within the averaging volume. In most cases, the intrinsic phase average of β is more representative and is defined by: Therefore,superficial and intrinsic averages are related by:
where ε β is the β-phase volume fraction. Finally, averaged conservation equations can be obtained by using spatial and temporal partial derivative theorems given by [21] :
where w βσ is the interface velocity and n βσ is the unit normal vector at the solid-liquid interface ( Figure 1 ) [21] . 
Nomenclature
A βσ interfacial area of the β-σ interface within the macroscopic region, m 2 .
A ke area of entrances and exits for the k-phase within the macroscopic system, m 2 . 
